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Introduction 



Abstract. We prove several new transversality results for formal CR maps between formal real 
hypersurfaces in complex space. Both cases of finite and infinite type hypersurfaces are tackled in 
this note. 

wo: 
<: 

\ Given two smooth real hypersurfaces M,M' in and a smooth CR mapping /: M — > M', 
' it is often of fundamental importance to know whether / is CR-transversal at a given point 
p G M, that is, whether the the normal derivative of the normal component of / at p is non- 
vanishing. This question naturally arises from regularity or unique continuation problems for 
f-n \ local CR mappings between smooth or real-analytic hypersurfaces in complex space (see e.g. the 

+g ; works immiiniiiaiiiEiiiniin!). 

In this note, we prove several new transversality results for CR mappings between real hyper- 
i—i. surfaces in complex space. Our considerations being purely formal, we formulate our results in 
| [ the context of formal CR maps between formal real hypersurfaces. Two opposite situations are 
^ ' tackled in this note. Firstly, when the source hypersurface M is of finite type (in the sense of 
■ Kohn and Bloom-Graham |S]), we give a new sufficient condition on M which guarantees that 
q any (formal) holomorphic map sending M into another (formal) real hypersurface in C^, with 
OO non- vanishing Jacobian determinant, is necessarily CR-transversal (Corollary 12. 3j) . This result 
^ ; generalizes, in particular, a result due to Baouendi- Rothschild Secondly, we also deal with the 
O ' case °f infinite type hypersurfaces, which, to our knowledge, does not seem to have been much 
. studied before (except implicitly in the works of Baouendi- Rothschild \6 4 and Meylan JH])- We 
^ ; prove, among other results, a sharp transversality result for self-maps of infinite type hypersurfaces 
£h ( Corollary 13. 3j) . We also provide, in such a setting, a new sufficient condition for a CR-transversal 
^ self- map to be an automorphism ( Theorem I3.10|) . 

In the next section, we collect the necessary notation and background needed in the paper. 
^ [ The results (and proofs) of the results in the finite type and in the infinite type case can be read 
' independently and are given in §21 and ^respectively. 

I. Notation and preliminaries 

For x = (xi, . . . , Xk) G C k , we denote by C[[x]] the ring of formal power series in x and by C{x} 
the subring of convergent ones. If / C C[[x}} is an ideal and F : (C k x , 0) -> (C#, 0) is a formal map, 
we define the pushforward F*(I) of I to be the ideal in C[[x']], x 1 G C k , F*(I) := {h G C[[x']] : 
h o F G /}. We also define the generic rank of F, and denote it by RkF, to be the rank of the 
Jacobian matrix dF/dx regarded as a C [[a;]] -linear mapping (C[[x]]) fe — > (C[[x]]) fc . Hence KkF is 
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the largest integer r such that there is an r x r minor of the matrix dF/dx which is not as a 
formal power series in x. Note that if F is convergent, then KkF is the usual generic rank of 
the map F. In addition, for any complex- valued formal power series h(x), we denote by h(x) the 
formal power series obtained from h by taking complex conjugates of the coefficients. We also 
denote by ord/i £ N U {+00} the order of h i.e. the smallest integer r such that d a h(0) = for 
all a £ N fc with \a\ < r — 1 and for which d^h(0) ^ for some (3 £ N fc with \(3\ — r (if h = 0, 
we simply set ord/i = +00). Moreover, if S — S(x,x r ) £ Cfla;, sc']], we write ord x S to denote the 
order of S viewed as a power series in x with coefficients in the ring C[[a;']]. 

For (Z, QeC N xC N , we define the involution a : C[[Z, Q -> C[[Z, (}} by a(f)(Z, () := f(£, Z). 
Let r £ C[[Z, (}} that is invariant under the involution a. Such an r is said to define a formal 
real hypersurface through the origin, which we denote by M, if r(0) = and r has non-vanishing 
gradient with respect to Z at 0. Throughout the note, we shall freely write M C C^. The complex 
space of vectors of T C N which are in the kernel of the complex linear map dzr(0) will be denoted 
by T ' M (see e.g. |X] for the motivation of these definitions). 

Throughout this note, it will be convenient to use (formal) normal coordinates associated to any 
formal real hypersurface M of (see e.g. [T]). They are given as follows. There exists a formal 
change of coordinates in x C N of the form (Z,Q = (Z(z,w), Z(x,t)), where Z = Z(z,w) is 
a formal change of coordinates in and where (z, x) = ( z i, ■ ■ ■ , zn-i, Xi> • • • > Xn-i) £ C^ -1 x 
C^ -1 , (w, t) = (w, t) £ C x C so that M is defined through the following defining equations 

(1.1) r((z,w),(x,r)) = w-Q(z,x,r), 
where Q £ Cp!, %, r]] satisfies 

(1.2) Q(0, X ,t) = Q(z,0,t)=t. 

In such a coordinate system, we now recall several well-known (invariant) nondegeneracy con- 
ditions for the formal real hypersurface M. Firstly, M is said to be of finite type (in the sense of 
Kohn and Bloom-Graham [H]) if Q(z, x, 0) ^0. If M is not of finite type, we say that M is of 
infinite type. Following [TH| [TTj . we say that M belongs to the class C (resp. is essentially finite) if 
for k large enough the formal (holomorphic) map x l— * (Qz a {®, X> ty)\ a \<k ^ s °^ g ener ic rank iV — 1 
(resp. is a finite map). Recall also that M is called holomorphically nondegenerate (in the sense 
of Stanton [21]) if the generic rank of the formal map (x, t) t— > (Q z <*(0, X? r ))| a |<fc i s N. All these 
nondegeneracy conditions are known to be independent of the choice of normal coordinates. Note 
that if M £ C, then M is necessarily holomorphically nondegenerate. It is also good to point out 
for the purposes of this paper that formal real hypersurfaces that do not contain any formal curve 
are examples of hypersurfaces that belong to the class C (see [IBIHI1II] f° r more details). 

If r, r' £ (C[[Z, C]]) 2 define two formal real hypersurfaces M and M', we let X(M) (resp. X{M')) 
be the ideal generated by r (resp. by r'). Let H: (C , 0) — > (C , 0) be a formal holomorphic 
map. We associate to the map H another formal map 7i: (C x C , 0) — > (C x C , 0) defined 
by H(Z,() = (H(Z),H(Q). We say that H sends M into M' if J(M') C H,{1{M)) and write 
H(M) C M' . The formal map H is CR-transversal if 

(1.3) T 1>0 M' + dH{T C N ) = T C N , 

where dH denotes the differential of H (at 0). 

If we choose normal coordinates Z = (z, w) £ C N and Z' = (z', w') £ C N for M and M' 
respectively, and if we write the map H = (F, G) £ C^ -1 x C , then the H is CR-transversal if 
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and only if dG/dw(0) ^ (see e.g. [SHU]). We refer to the last component G of H in any system 
of normal coordinates as a transversal (or normal) component of H. When G = 0, we say that H 

dF 

is transversally flat. Following jo], we also say that H is not totally degenerate if z \— > (z, 0) is of 

generic rank N — 1. It is easy to see (and well-known) that the above conditions are independent 
of the choice of normal coordinates for M, M'. Throughout the note, we will denote by Jac H the 
usual Jacobian determinant of H . 

2. The finite type case 

2.1. A prolongation lemma. Our main transversality result in the finite case ( Theorem 12 . 21 b e- 
low) is based on the following result. In what follows, for every integer k, we denote by Jq (C n , C d ) 
the space of fc-jets at of holomorphic maps from C n into C d . 

Lemma 2.1. Let A: (C™ x C™, (0,0)) — > C be a formal (holomorphic) power series, and assume 
that oid z A(z, x) = k < 00 • Then, for every positive integer d and for each a G N n , there exists a 
universal linear map 

(2.1) T a . J fc+H (C n ,C d ) ^C d 

(over the quotient field of meromorphic powers series in x) such that for every formal power series 
mapping b: (C n x C m , 0) — ► C d and every vp\ (C m , 0) — > C d for (3 E N n satisfying 

vp( X ), for all 3 e N". 



(2.2) 



(A(z, X )b(z,x)) 



=o 



then 

(2-3) b za (0,x) =T a ((«/9(x))|/9|<|a|+fc) • 

Proof. Note that the case ord z A(z, x) — is trivial (we can just divide by A then), so we assume 
that k > for the proof. 

We order the multiindeces in N n by lexicographic ordering; that is, a < (3 if and only if a ^ (3 
and for the least j with acj — /3j ^ this number is negative. 

We first choose a to be the minimal multiindex a G N n with A z a(0,x) 7^ 0, fix the integer d 
and prove the lemma by induction on £ = \a\. For £ = 0, the result is obvious by using ()2.2j) for 
[3 = a . 

Now assume that we have constructed the maps T a for \ct\ < £ for some positive integer £. It 
is clear from the chain rule that the equations (|2.2j) for \(3\ = £ + k only involve the b z i(0, x) for 
I7I < £. We first replace, inside such equations, the terms 6^7(0, x) by T 7 (vp(x) '■ \P\ < k + £ — 1) 
for all 7 of length strictly less than £. We now compute the coefficient of b z ~i (0, x) f° r & H 7 °f 
length £. For every such multiindex, we consider the equation given by (|2.2j) for (3 = a + 7. 
Ordering the 7's in ascending order, so that 7 1 < 7 2 < • • • < 7^, the above equations yield that 
for every j = 1, . . . , N, 

A za o + ,_,i (0, x)b z A0, X) = Pj (vp(x) :\P\<£ + k) 



\f\=i 



for some universal linear map pf. Jo +£ (C n ,C d ) — > C d (over FracC[[x]]) The obtained system is 
triangular in the unknowns b zl j (0, x), j = 1, . . . , N and can be solved. The proof of Lemma l2~T1 is 
finished. □ 
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2.2. Statement of the results. Our main result for finite type hypersurfaces is given by the 
following. 

Theorem 2.2. Let M, M' C C N be formal real hypersurfaces with M belonging to the class 
C. Then every formal holomorphic map H: (C , 0) — > (C , 0) sending M into M' which is 
transversally nonflat is necessarily not totally degenerate, and hence CR-transversal. 

As a first consequence of Theorem 12.21 we have the following result which provides a partial 
answer to a question posed in the paper jTTj (see also Conjecture 12 .71 below). 

Corollary 2.3. Let M,M' C be as in Theorem 12.21 Then every formal holomorphic map 
H : (C , 0) — > (C N ,0) sending M into M' satisfying Ja.cH ^ is CR-transversal. 

We also obtain the following transversality result for arbitrary mappings. 

Corollary 2.4. Let M, M' C C N be formal real hypersurfaces. Assume that M belongs to the 
class C and that M' does not contain any formal curve. Then any formal holomorphic map 
H : (C , 0) — > (C N ,0) sending M into M' is either constant or CR-transversal. 

Theorem 12.21 improves a transversality result due to Baouendi-Rothschild [5] established for 
essentially finite hypersurfaces. In fact, in this note, we will only show that the map H in 
Theorem 12 .21 is not totally degenerate, the CR-transversality of the map being then a consequence 
of the recent result of Ebenfelt-Rothschild jll, Theorem 4.1]. We should also point out that when 
M is assumed to be essentially finite, it was shown in [S] that the map is in fact CR-transversal 
and finite. This need not be the case when M is merely in the class C as shown by the following 
example. 

Example 2.5. Let ip = (ipi, ■ ■ ■ , ip n ) £ (C[[^]])" be a formal map of generic rank n, not fi- 
nite and vanishing at the origin. Consider the formal hypersurface := {(z,w) G C" x C : 
Imw = YTj=i IV^- 2 )! 2 } as wen as ^ ne Heisenberg hypersurface H n := {(z',w') 6 C" x C : Imw' = 
Sj=i l z j| 2 }- Then the hypersurface 6 C and the formal map H given by H(z,w) = (ip(z),w) 
sends into H n , is CR-transversal, not totally degenerate and obviously not finite. 

In fact, we have the following more precise statement. 

Proposition 2.6. Let M, M' C C N be as m Theorem^ and H : (C N ,0) -> (C* 0) be a formal 
holomorphic map sending M into M' . Then the following are equivalent: 

(i) H is CR transversal; 

(ii) H is not totally degenerate. 

Note that Proposition 12.61 is not true in the more general situation when M is holomorphically 
nondegenerate and of finite type (see for instance the example given in p.26-27]). However, 
we believe that the following should be true: 

Conjecture 2.7. Let M,M' C be formal real hypersurfaces with M holomorphically nonde- 
generate and of finite type. Then the following are equivalent: 

(i) H is CR transversal; 

(ii) J&cH^ 0. 

We support such a conjecture by proving the following result, which in particular shows that 
the implication (i) =^> (ii) in Conjecture 12.71 is indeed true. 
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Theorem 2.8. Let M,M' C be formal real hyper surfaces with M holoraorphically nondegen- 
erate. Then every formal holomorphic map H : (C N ,0) — > (C , 0) sending M into M' which is 
transversally nonflat satisfies J&cH ^ 0. 

The proof of Theorem 12.81 will be obtained by following the lines of the proof of Theorem 12.21 
Note however that, contrarily to Theorem 12.21 the map H in Theorem 12.81 need not be CR- 
transversal as the basic example M = {(z,w) G C 2 : Imw = \zw\ 2 }, M' = Mi and H(z,w) = 
(z, zw), shows. 

2.3. Proofs of the results. 

Proof of Theorem Xl.'A Choose normal coordinates Z = (z,w) for M so that M is given by (jl.lj) 
and similarly for M' (we just add a "prime" to the corresponding objects for the target hypersur- 
face) and write H = (F, G) = (F 1 , . . . , F^" 1 , G) as in § ^ Assume, by contradiction, that H is 
totally degenerate. We will show that this forces the transversal component G to vanish. Since 
H sends M into M', we have the power series identity 

(2.4) G(z, Q{z, X , 0)) = Q' (F(z, Q(z, X , 0)),F( X , 0), 0) 
that we differentiate with respect to \ to obtain 

(2.5) (G w (z, Q(z, X , 0)) - Q' z , (F(z, Q(z, x, 0)), F( X , 0), 0) • F w (z, Q(z, X , 0)) Q x (z, X , 0) 

OF 

= Q' x , (F(z, Q(z, X , 0)), F( X , 0), 0) • — ( X , 0). 

Taking derivatives (of arbitrary order) with respect to z and evaluating at we see that the right 
hand side of (|2.5jl is always contained in the (C-linear) span of the Fj,( X , 0), j = 1, . . . , N — 1; 
this space has by assumption dimension less than N — 1 (strictly). If the coefficient of Q x (z, X , 0) 
on the left hand side of ()2.5|) is not zero, an application of Lemma l2~T1 (with b(z, X ) = Q x (z, X , 0)) 
yields that for every a G N^ -1 , Q z a x (0, x ,0) is contained in the (FracC[[x]]-linear) span of the 
F X ( X , 0), j = 1, . . . , N — 1, a contradiction, since M G C means that the dimension of the space 
spanned (over FracC[[x]]) by the Q 2 -, x (0, X , 0), a G N N ^, is N - 1. 
Thus, we conclude that 

(2.6) G w (z, Q(z } X , 0)) - Q' z , (F(z, Q(z, X , 0)), F( X , 0), 0) • F w (z, Q(z, X , 0)) = 0. 

Setting X = in this equation we have that G w (z, 0) = 0. We now construct by induction for each 
positive integer k formal power series c k (z,w, X ') satisfying 

(2.7) c k (z,w,0) = 0, 

(2.8) G wk (z, Q(z, x, 0)) - c k (z, Q(z, x, 0), f( X , 0)) = 0. 

In view of ()2.6|) . we have already constructed c 1 . For every integer i > 2, if c 1 , . . . , c l ~ l have been 
constructed, we then differentiate the equation ()2.8|) for k = I — 1 with respect to X and we obtain 



(2.9) (G w t(z, Q(z, x, 0)) - c e -\z, Q(z, X , 0), F{ X , 0))) Q x (z, x, 0) 

dF 

d X 



c[7\z,Q(z, X ,0),F( X ,0))-— (x,0). 
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The same argument as in the case £ = 1 above lets us conclude that the coefficient of Q x (z, x, 0) 
on the left hand side of ()2.9|) vanishes. Thus, we can choose 

c £ (z } w } x) ■= ci -1 (^,w,x')) 

which satisfies ()2.7|) and ()2.8|) for k = £. We may now conclude that G w e(z,0) = for all £, so 
that the transversal component of H is flat. The proof of the theorem is complete. □ 

For the proof of Corollary 12.41 we need the following result contained in the proof of [3 Propo- 
sition 7.1]. 

Lemma 2.9. Let M, M' C C N be formal real hyper surf aces. Assume that M is holomorphically 
nondegenerate and that M' does not contain any formal curve. Then every formal holomorphic 
map sending M into M' that is transversally flat is necessarily constant. 

Proof of Corollaru \2A\ The corollary is obtained by combining Theorem 12.21 and Lemma [2.91 and 
noticing that if M G C then M is holomorphically nondegenerate. □ 

Proof of Proposition^!^ The implication (i)=^(ii) is proved in Corollary 4.2] while the impli- 
cation (i)=^>(ii) (with the weaker assumption that M is of finite type instead of being in the class 
C) is the content of [HI Theorem 4.1]. □ 

Proof of Theorem 12.81 We keep the notation of the proof of Theorem 12 . 21 and present a completely 
analogous argument. We also write ( = (%, r) G C^ -1 x C and H = (F, G) = (H 1 , . . . , H N ). Here 
again assume, by contradiction, that Jacif = 0. We will show that this forces the transversal 
component G to vanish. Since H sends M into M', we have the formal power series relation 

(2.10) G{z, Q(z, Q)=Q' {F(z, Q{z, 0), H(0) ■ 
We differentiate ()2.10|) with respect to ( to get 

(2.11) (G w (z, Q(z, 0) - Q' z , {F{z, Q{z, ()), H(Q) • F w (z, Q(z, 0) Q c (*> 

= Q' C (F(z,Q(z,0),H(C))~(0- 

Taking derivatives (of arbitrary order) with respect to z and evaluating at we see that the right 
hand side of ()2.11|) is always contained in the (C-linear) span of the H J ^((), j = 1, . . ., JV; this 
space has by assumption dimension less than iV (strictly). If the coefficient of Qq{z, () on the left 
hand side of (|2.11|) is not zero, another application of Lemma f2. II yields that for every a G N^ -1 , 
Qz a ,c(0, C) is contained in the (Frac C[[£]] -linear) span of the HUQ, j — 1, . . . ,N, a contradiction, 
since M being holomorphically nondegenerate means that the dimension of the space spanned 
(over FracC[[C]]) by the Q z <> !( (0,(), a e N N ~\ is N (see e.g. [HE]]). 
We therefore conclude that 

(2.12) G w (z, Q(z, 0) - Q' z , (F(z, Q(z, 0), 3(0) • F w (z, Q(z, ()) = 0. 

Setting ( = in ()2.12|) we get that G w (z,0) = 0. As in the proof of Theorem 12 .2\ we define by 
induction for each positive integer k formal power series S k (z,w,(') satisfying 

(2.13) S k {z,w,0) = 0, 

(2.14) G wk (z, Q(z, 0) - S k (z, Q(z, Q, H(()) = 0. 
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We have already constructed S 1 above. For every integer I > 2, if S 1 , . . . , S 1 have been defined, 
we then differentiate the equation ()2.14j) for k = I — 1 with respect to ( and obtain 

(2.15) (G w t(z, Q(z, 0) - S e w \z, Q(z, (), H{Q)) Qd*> = S e c \z, Q(z, (), H(Q) ■ ~^(0- 

The same argument as in the case £ = 1 above lets us conclude that the coefficient of Qq(z, () on 
the left hand side of ()2.15|) vanishes. Thus, we can choose 

S e (z,w,C) ^S^wX'), 

which satisfies ()2.13j) and ()2.14)1 for k = i. All this implies that G w e(z, 0) = for all £, so that the 
transversal component of H is flat. The proof of the theorem is finished. □ 



3. The infinite type case 

In this section, we will derive some analogues of the transversality result due to Baouendi and 
Rothschild [S] for infinite type hypersurfaces. We say that a formal real hypersurface M C C N 
given in normal coordinates (z, w) G is of m-infinite type, where m G Z+, if M is given by a 
(complexified) defining equation of the form 

(3.1) w = Q(z,x,t), where Q(z, x, r) = r + r m Q(z, x, t), 

with Q(z, 0, r) = Q(0, x, r) = and 

Q(z, X , 0)^0. 

(As customary, we use a similar notation for any other formal real hypersurface M' by just adding 
a "prime".) This above condition was introduced by Meylan ^H], who also observed that such 
a condition together with the integer m are invariantly attached to M (i.e. independent of the 
chosen normal coordinates); the notion of "transversal order" that we define next is also due to 
Meylan, who established its basic properties. 

3.1. The transversal order of a map. Let M,M' C be two formal real hypersurfaces 
(given in normal coordinates) that we assume to be of m-infinite and m'-infinite type respectively, 
m,m' > 1. Given a transversally nonflat formal holomorphic map H : (C , 0) — > (C N ,0) sending 
M into M' written H = (F, G) as in we define the transversal order of H and denote it by 
trordif to be the integer k such that G(z, w) = w k G(z, w) with G(z, 0) ^0. If if is transversally 
flat, we just naturally set trordif = oo. We note that in any case we always have trordif > 1 and 
that the notion of transversal order is invariant under changes of coordinates preserving normal 
coordinates in the source and in the target space ^01 Lemma 2.1]. 

The first lemma we state asserts that in the above situation we necessarily have G(0) ^ 0. It is 
also contained in ^J] but for the reader's convenience we give a short proof. 

Lemma 3.1. Let M,M' be as above and H: (C N ,0) — > (C N ,0) be a formal holomorphic map 
sending M into M' . If H is not transversally flat, that is, trordif = k < oo, then G w k(z,0) = 
G„»(0)6R\{0}. 



Proof. We start with the equation 

(3.2) G {z, Q {z, X , r)) = Q' (F (z, Q (z, X , r)) ,F( X ,r),G ( X , r)) , 
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in which we set X = 0? r = w - This gives 

(3.3) G(z, w) = (5(0, w) + (5(0, w) m 'Q'(F(z, w), F(0, w), G(0, w)). 

The last equation clearly implies that G(0, w) ^ 0; so let s be the smallest integer such that 
G w s(0) 7^ 0. From the definition of k and s, we immediately get that s > k. Furthermore we 
notice that the order (in w) of left-hand side of ()3.3j) is exactly k, whereas it is at least s for 
the right-hand side of ()3.3)1 which shows that k > s and therefore k = s. Now comparing the 
coefficients of w k on both sides of the equation we get G w k(z,0) = G w k(0), which completes the 
proof of the lemma. □ 

Our goal in this section is to bound the transversal order of a map in terms of m and m' . The 
bound is provided in our next proposition. 

Proposition 3.2. LetM,M' be as above and H : (C N ,0) — > (C , 0) be a formal holomorphic map 
sending M into M' . If H is transversally nonflat, then 

(3.4) (m' - 1) trordif < m - 1. 

We will give examples illustrating this bound with specific maps in Example 13.51 Let us remark 
that if m' = 1, there are examples to show that no bound on the transversal order can be obtained 
in this case, see Example 13.61 below. Let us also add that if, in Proposition 13. 2\ the map H is 
assumed to be furthermore not totally degenerate, Meylan proved that the inequality given by 
f!3.4|) is in fact an equality (see [THl Proposition 2.2]). 

Proof. We again start with ()3.2|) . set trordif = k, and rewrite this equation in the following way: 

(3.5) (r + r m Q(z, X , r)) k G (z, Q(z, X , r)) = 

r k G ( X , r) + r km 'G ( X , rf Q'(F(z, Q(z, X , r)), F( X , r), G( X , r)). 

On the left hand side of this equation, we claim that there is a term which has order k + m — 1 
in t whose coefficient depends on z (and X ). Indeed, let us assume that 

Q(z, X ,0)= ^ Qa,b( z 'X, Q ), wli ere Q a ,b(Az, fix, 0) = \ a /J, b Q a ,b( z i X, 0), (A, fi) G C 2 , 

(a,6)e(Z+) 2 

and let (ao, bo) be minimal under the condition that Q a ,b(z, X, 0) — for a + b < ao + b and a < ao- 
We expand the series on the left hand side of ()3.5j) in terms T a ^ c (z, X , r), which are homogeneous 
in z, X , and r i.e. T at b tC (Xz, fix, St) = A° fi b 5 c T at b tC (z,x, T ) f° r A, /i as above and 5 G C. We claim 
that T a0ibotk+m ^i(z, X ,r) = A;G(0)r /c+m ' 1 (5 a0i 6 (2;, x , 0) ^ 0. First note^that modulo terms T aAc 
with c > k + m — 1, we can rewrite the series as (r + T m Q(z, X , 0)) k G(z, t). We now pick the 
terms which are homogeneous of order a in z and bo in x and see that our claim holds. 

Now, the lowest order in r of a term of the series on the right hand side of (|3.5J) which contains 
a coefficient depending on z is at least km'. Thus, km' < k + m — 1, which is the inequality we 
wanted to prove. □ 

Given a formal real hypersurface M C C , M is of infinite type if and only if there is a formal 
complex hypersurface E, which we refer to as the "exceptional" complex hypersurface, which 
is contained in M. (In normal coordinates, this is necessarily given by E = {w = 0}.) Note 
that if M is such a hypersurface, a necessary condition for a formal holomorphic self-map of M 
to be CR-transversal is to be transversally non-flat i.e. H(C ) <£_ E. As a direct application 
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of Proposition 13.21 we obtain that the converse of this statement does hold for m-infinite type 
hypersurfaces provided that m > 2. In addition, Example 13 .61 below shows that the corresponding 
result does not hold for 1-infmite type hypersurfaces. 

Corollary 3.3. Let M C be a formal real hyper surface of m-infinite type with m > 2, 
and denote by E the exceptional complex hyper surf ace contained in M . Then for every formal 
holomorphic map H : (C , 0) — > (C , 0) sending M into itself, either H is CR-transversal or 
H(C N ) CE. 

Another application of Proposition 13.21 is given by the following generalization of Corollary 13.31 

Corollary 3.4. Let M,M' C C N be formal real hypersurfaces of m-infinite and m' -infinite type 
respectively, and denote by E' the exceptional complex hypersurface contained in M' . Assume that 
1 < m! < m and that m < 2m' — 1. Then for every formal holomorphic map H : (C , 0) — > (C^, 0) 
sending M into M' , either H is CR-transversal or H(C N ) C E' . 

We will now discuss the examples we already pointed out. Our first example provides explicit 
maps between certain infinite type hypersurfaces, where we can compute the infinite type and the 
transversal order of the maps explicitly. 

Example 3.5. Let us note that (for different reasons) certain special cases of this example have 
been considered by Kowalski [TH] and Zaitsev j22j- 

Consider the Heisenberg hypersurface Hi C w ^ as given in Example 12.51 We let 

H b!C (z, w) = {\fczw l , w c ), b, c G Z + , 

be a weighted analytic blowup of C 2 ; for reasons which will become apparent below, we concentrate 
on blowups where 2b > c. The preimage of Hi under this weighted blowup is given by 

Imw c = c\z\ 2 \w\ 2b ; 

setting w = s + it, this equation turns into 



I(c-l)/2] , N b 



'Z—il 1 / \ /h\ 

^ (a + 1 )(-l) fc » c - 2 ' ! - l ^ 2fc+, = ^l ! E { k y- 2Vk ' 

where [•] denotes the integer part. We set s d u = t, where d = 2b — c + 1; after division by s 2b the 
equation above now becomes 



[(c-l)/2] / v b /U\ 

U—n \ ' h—n \ ' 



s 2k(d-l) u 2k_ 



k=0 v 7 fc=0 

By the Implicit Function Theorem, this equation has a unique analytic solution u = 0b. c (|z| 2 , s) 
which satisfies @6,c(|^| 2 , 0) = \z\ 2 ^ and 0fe, c (O, s) = (here we use that 2b > c). Thus, the 
preimage of Hi under the blowup Hf, )C contains a germ of a real-analytic hypersurface M& >c , of 
d-infinite type given by the equation 

t = s d Q b , c (\z\ 2 ,s). 

From this construction, we obtain examples of maps between hypersurfaces of infinite type by 
noticing that H b c oH~ bd = H~ b+htc ~ with 2b > c, b, c E Z + ; we claim that H^- is a map of transversal 
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order c from the m-infinite type hypersurface M b+btc ~ to the m'-infinite type hypersurface M b)C 
where m = 2(6 + be) — cc + 1 and m! — 2b — c + 1; for this map, the bound (jH.4j) becomes 

m — 1 _ 26 
trord H~ h ~ = c< — ; = c + 



m' — 1 26 — c 

Let us establish our claim above i.e. that H b ~ actually sends M b+b ~ c ~ into M 6 c . We rewrite the 
defining equation of M bc in complex form and replace the variables by ((,rj); then, M bc C C 2 - is 
given by 

where now $(|£| 2 ,0) = 2i\(\ 2 and $(0, s) = 0. To prove our claim, we will show that there is 
exactly one germ of a real-analytic hypersurface in C 2 w of the form t = s m (p(\z\ 2 , s), w = s + it, 

with (f(\z\ 2 ,0) = | z\ 2 in the preimage of M& jC under the blowup H~ b& with m = (W— l)c+26+l; since 
the preimage of EI under the composition Hb )C oH~ b ~ is another such, the real-analytic hypersurface 
constructed in this way in the preimage of Mf, tC under H b ~ agrees with M~ b+b ~ c ~. 

As before, we substitute 77 = w c , and ( = \/dzw b . The equation of H^}(Mb jC ) turns into 
(3.6) 2i J2 ( 2j C + x ) {-iy s"-^ +1 h 2 i +1 = {s- ity m '${c\z\ 2 {s 2 + t 2 )\ (s - it) 5 ). 

We now proceed as above and substitute t = ts m , where m = (m' — l)c +1 + 26. Writing $ as a 
Taylor series $(|C| 2 ,^) = E fc >i,j>o ®k,i\(\ 2k V l 



^(c\z\ 2 (s 2 + t 2 )\(s-tt) 5 ) = J2 ^k,i(s 2 + Ps 2m ) bk c k \z\ 2k (s-tts 

k>l,l>0 

= s 2b ^k,is 2l{k ^ )+ ' c \l+Ps 2m - 2 f k c k \z\ 2k {l-its m -"^ 

k>l,l>0 

= s 2l 2ic\z\ 2 + 0(s 2b+u 



we see that the right hand side of ()3.6|) is divisible by s m ' c+2b (as is the left hand side), and after 
division, our equation becomes 

2it = 2i\z\ 2 + 0(s). 

Here, we have again tacitly used the fact that since 2b > c and m' > 1, m > 1, and the Implicit 
Function Theorem guarantees a unique solution t = f(\z\ 2 , s) with ^(l-sl 2 , 0) = \z\ 2 of this equation 
as claimed. 

Example 3.6. For each positive integer k, the map T^: C 2 — > C 2 given by Tk(z,w) = (z,w k ) 
maps the 1-infinite type hypersurface given by 

i\z\ 2 

w = we k 

into the 1-infinite type hypersurface M given by 

w = we' |z|2 . 

Thus, the maps 

H k (z,w) = (Vkz,w k ) 
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are examples of holomorphic self-maps sending the 1-infinite type hypersurface M into itself having 
arbitrary transversal order. 

3.2. On being an automorphism in the infinite type case. We conclude this note by proving 
an analogue in the infinite type case of a criterion (established in |17j ) for a map to be an auto- 
morphism. We know from Corollary 13.31 that if M a formal real hypersurface that is of m-infinite 
type with m > 2, then every formal holomorphic self- map H of M is either CR-transversal or 
transversally flat. We now put an additional nondegeneracy assumption on M that will force any 
formal CR-transversal self-map of M to be an automorphism (this will also be true in the 1-infinite 
type case, where in view of Example I3.6[ the transversality result does not hold in general, see 
Theorem 13.10)) . For this, we say that M belongs to the class C m if M is of m-infinite type and is 
given in normal coordinates as follows 



of generic rank N — 1 for large enough k. We leave it to the reader to check that this condition is 
independent of the choice of normal coordinates. 

Our goal in this section is to establish the following theorem. 

Theorem 3.7. Let M C be a formal real hypersurface that belongs to the class C m for some 
m > 2 and denote by E the exceptional complex hypersurface contained in M. Then for every 
formal holomorphic map H : (C , 0) — > (C , 0) sending M into itself one of the following two 
conditions holds: 



(ii) H is an automorphism. 

Note here again that Example 13.61 shows that Theorem 13.71 does not hold in the 1-infinite type 
case. 

We start with the following lemma that can be found in ^Hl Lemma 3.8] for which we provide 
a different and simpler proof. 

Lemma 3.8. Let M C C N be a formal real hypersurface of m-infinite type with m > 1 and 
given in normal coordinates as above. Then for every formal CR-transversal holomorphic map 
H : (C w ,0) -> (C N ,0) sending M into itself H = (F, G), we have 



and we write G(z, w) = w G(z, w) with G(z, 0) = G w (0) G M \ {0} in view of Lemma I3~T1 We may 
rewrite (J3.9)) as follows 



w = Q{z, x, r), Q(z, x,r) = r + r m Q(z, x, r) 
with Q(z, x, 0) = ^ agN iv-i Qa(x) za y an d with the formal map 



(3.7) 




(i) H(C N ) C E; 




(3.10) (r + r m Q(z, X , t))G(z, Q(z, X , t)) 



G( X , r) + (G( X , r)) m Q(F(z, Q(z, X , t)), F{ X , t), G( X , t)). 
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We look at the terms of order m in r in the above equation. On the left side, such a term is given 
by the quantity 

(3.11) G wm -i(z, 0) + Q(z, x , 0)G W (0), 
while on the right hand side, it is given by 

(3.12) G rm ( X , 0) + (G T (0)) m Q(F(z, 0), F( X , 0), 0). 

Since (I3.11j) = (j3.12j) . we first get, after setting consecutively z = and X — in the obtained 
identity that G w m-i(z, 0) and G T ™(x, 0) are equal and constant. This leads to the desired identity. 
The proof of the lemma is complete. □ 

To prove Theorem 13 .7\ we need the following general fact about power series. 

Lemma 3.9. Let A: (C™ x C™, (0, 0)) — > C be a formal power series such that for k large enough 
the map 

X^(A za (0, X ))|a|<fc 

is of generic rank n. If for some formal map B: (C n ,0) — > (C n ,0) there is a nonzero constant r 
such that 

A(z,x)=rA(B(z),B( X )), 
then necessarily B is a formal automorphism of C n . 

Proof. From the equation A(z, x) — rA(B(z), B(x)) w e obtain for each a6N"a polynomial map 
$ a such that A z a(0,x) — &a ^(^4 z d (0, ^(x))) ^^ a ^j ■ We choose k large enough such that 

X->(^(0,x))|a|<fc 

is of generic rank n and also choose n multiindeces a^ 1 -*, . . . , a^ n ' such that the order v of the 
determinant of the matrix 

8A („<. 8 A („-i 

is minimal among any such choices of n multiindeces. Differentiating the n equations 

A za U){0,X) = $ a Cfl (KK >^(x))|/3|<|aW)|) > j = 1, . . . , n, 

with respect to X an d using the Cauchy-Binet formula yields the inequality v > z/ + orddeti? x (x)- 
Consequently, orddet-B x (x) = i.e. det-B 2 (0) 7^ 0. □ 

Combining the last two lemmas, we obtain the following result whose analogous statement is 
contained in for hypersurfaces belonging to the class C. 

Theorem 3.10. Let M C be a formal real hypersurface that belongs to the class C m for some 
m > 1. Then every formal CR-transversal holomorphic map H : (C N , 0) — > (C N , 0) sending M 
into itself is an automorphism. 

Proof of Theorem Yd. 71 The theorem is just obtained as the conjunction of Theorem 13 . 1 01 and Corol- 
lary E31 □ 
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